
High-Rotational Symmetry Lattices Fabricated by Moiré
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ABSTRACT: This paper describes a new nanofabrication method, moire ́ nano-
lithography, that can fabricate subwavelength lattices with high-rotational symmetries.
By exposing elastomeric photomasks sequentially at multiple offset angles, we created
arrays with rotational symmetries as high as 36-fold, which is three times higher than
quasiperiodic lattices (≤12-fold) and six times higher than two-dimensional periodic
lattices (≤6-fold). Because these moire ́ nanopatterns can be generated over wafer-scale
areas, they are promising for a range of photonic applications, especially those that require broadband, omnidirectional
absorption of visible light.
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Q uasicrystals are ordered materials that do not have
translational symmetry but form stable structures with

rotational symmetries higher than periodic materials.1,2

Recently, artificially designed high-symmetry lattices based on
quasicrystalline structures have been generated. For example,
high-rotational symmetry nanoparticle superlattices with
spacings from 4.7 to 13.4 nm have been synthesized,3 and
quasiperiodic dielectric hole arrays with spacings from 180 to
600 nm have been fabricated to control lasing action at visible
wavelengths.4 The design of quasicrystalline arrays with
subwavelength spacings is especially important in photonics.
Such symmetries can result in full band gaps in photonic
crystals,5−10 transmit electromagnetic waves over a broad
spectral range in perforated metallic films,11−13 and trap light
omnidirectionally in patterned photovoltaic devices.14,15

The rotational order of an array, n, is the highest positive
integer that satisfies a rotation by 360°/n that will replicate the
pattern. As defined by the crystallographic restriction theorem
(CRT), the maximum n-fold rotational symmetry for a periodic
lattice in two dimensions is limited to 6-fold (i.e., a hexagonal
array).16 As a result, different spatial arrangements are needed
for higher rotational symmetries. Aperiodic patterns with
symmetries that exceed the CRT have been investigated for
several decades.17 Quasiperiodic arrays that lack the transla-
tional symmetry of periodic arrays but contain 8-fold, 10-fold,
or 12-fold rotational symmetries (quasiperiodic symmetries)
are the most well-known of these patterns.18,19

The fabrication of quasiperiodic lattices at optical wave-
lengths typically requires direct-write methods because the
coordinates of each feature in the array must be individually
determined. Electron-beam lithography and focused ion beam
milling are the most common serial techniques that can
generate substrates with these spacings, but they are slow and
can only pattern over limited areas. For example, approximately
one week is needed to pattern 160 nm lines spaced 500 nm

apart over a 1 cm2 area with an electron beam operating at 500
kHz and with an exposure dimension of 10 nm.20 Therefore,
parallel nanofabrication techniques that can produce multiple
sets of features simultaneously over macroscale areas (>cm2)
would open new opportunities for quasiperiodic lattices.
Interference lithography21 and deep-UV projection mode
photolithography22 have been used to fabricate quasiperiodic
masks, which were then used to create three-dimensional (3D)
arrays. Although these approaches can pattern large areas, they
require experimentally intensive setups. Another strategy to
create high-symmetry arrays over macroscale areas exploits the
moire ́ effect, which occurs when periodic layers are super-
imposed on each other.10,23,24 This phenomenon is most
commonly associated with undesirable effects that arise from
the image processing of patterns such as pinstripe or
houndstooth.25 Several applications, however, have taken
advantage of the moire ́ effect for characterization purposes.
For example, the absence of a moire ́ pattern between identical
periodic grids etched into a substrate and a photomask
indicates good alignment,26 and the presence of a moire ́
pattern from the superposition of arrays on secure documents is
an efficient anticounterfeiting measure.27

Here we report how high-rotational symmetry, subwave-
length patterns can be fabricated by moire ́ nanolithography. We
show that multiple UV exposures through transparent,
elastomeric masks at different angular offsets can result in
superperiodic moire ́ patterns with subwavelength and micro-
scale feature spacings. At sequential exposure angles of 360°/n,
the overall rotational symmetry of the array could exceed 12-
fold, which is the highest rotational symmetry of a 2D
quasiperiodic lattice. We determined the design rules for
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achieving lattices with well-defined rotational symmetries and
patterned subwavelength features with rotational symmetries as
high as 36-fold. Because moire ́ nanolithography is a massively
parallel method, we can create arrays over macroscale areas
where the total patterned area is only limited by the size of the
masks.
After a single exposure, phase-shifting photolithography

(PSP)28,29 using composite poly(dimethylsiloxane) (PDMS)
masks30,31 patterned with subwavelength features32−35 (Figure
1A,B) produces photoresist (PR) patterns that are the same as
those on the photomask (Figure 1C,D). Photolithography
details can be found in the Supporting Information. To
fabricate arrays with rotational symmetries higher than those on
the PDMS photomask or allowed by the CRT, we invented a

nanofabrication method called moire ́ nanolithography. This
technique combines the large-area subwavelength patterning
capabilities of PSP with the moire ́ effect by exposing
periodically patterned PDMS masks multiples times at an
angular offset (α) (Figure 2A). For example, a PDMS mask
with an intrinsic rotational order n′ = 6 (a hexagonal array)
exposed twice with the second exposure at α = 0, 10, 20, or 30°,
produces three types of lattices (Figure 2B−E). Note that for α
= 0°, the mask was left in contact with the PR layer to eliminate
any translational effects. As expected, the resulting pattern was a
simple hexagonal array. At α = 10 and 20°, superperiodic
lattices were fabricated with microscale periodicities propor-
tional to 1/α (Supporting Information Figure S1) along with
the 400 nm periodicity in the PDMS mask. The rotational
order symmetry (n = 6) was unchanged at these offset angles.
At α = 30°, however, the superperiodic lattice became a 12-fold
array. This higher rotational symmetry was confirmed by the
first-order Bragg peaks in the Fourier transform of the pattern
(Figure 2E, inset).
Through moire ́ nanolithography, lattices with quasiperiodic

symmetries can be created from simple 1D and 2D periodic
masks. For example, an 8-fold array was fabricated by two

exposures at α = 45° (= 360°/n, where n = 8) of a PDMS
photomask with a square pattern (n′ = 4) (Figure 3A). This
pattern is similar to Ammann-Beenker tessellations, 8-fold
quasiperiodic arrays,36,37 in that they contain tilings of both
squares (blue) and rhombs (45 and 135° interior angles) (red);

Figure 1. One-to-one patterning of 1D and 2D subwavelength
periodic lattices through transparent, PDMS photomasks. Fabrication
schemes of (A) linear and (B) hexagonal patterns and (C,D) their
SEM images and Fourier transforms (insets).

Figure 2. Moire ́ nanolithography. (A) Fabrication scheme of moire ́
patterns from a hexagonal PDMS mask exposed twice at an angular
offset α. SEM images and (insets) Fourier transforms of the first-order
Bragg peaks for (B) a hexagonal array (α = 0°), (C) a superperiodic
array (α = 10°), (D) a superperiodic array (α = 20°), and (E) a 12-fold
array (α = 30°).

Figure 3. Moire ́ structures with quasiperiodic symmetries. SEM
images and (insets) Fourier transforms of the first-order Bragg peaks
of (A) 8-fold, (B) 10-fold, and (C) 12-fold PR-patterned substrates.
The shapes on the images represent tiles of 2D quasiperiodic lattices
with the same rotational symmetries: Ammann-Beenker tiles for 8-
fold, Penrose tiles for 10-fold, and Socolar tiles for 12-fold. The
vertices of the tiles are aligned with PR posts generated through moire ́
nanolithography.
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however, the moire ́ pattern does not meet all the requirements
for quasiperiodicity in that there is not a complete lack of
translational symmetry. A 10-fold pattern can be generated by
exposing a PDMS mask with a linear pattern (n′ = 2) (Figure
1A) five times with α = 36° between each exposure (Figure
3B). Similar to the 8-fold pattern, this moire ́ array has a
quasiperiodic analog in the Penrose lattice.17 Both patterns
contain tessellations of thin rhombs (36 and 144° interior
angles) (blue) and thick rhombs (72 and 108° interior angles)
(red). Figure 3C shows that a 12-fold array contains
tessellations of squares (blue), hexagons (red), and rhombs
(30 and 150° interior angles) (yellow) comparable to a Socolar
lattice.38 Although each of these 8-, 10-, and 12-fold patterns
was generated through moire ́ nanolithography, all patterns
consist of the same first-order Bragg peaks as their
corresponding quasiperiodic lattices.18,23

A distinct advantage of moire ́ nanolithography is that
patterned symmetries are not limited to ≤12-fold, the
maximum rotational order of 2D quasiperiodic lattices. Since

our nanofabrication method is based on the moire ́ effect, an
unbounded number of patterns can be superimposed to
produce lattices with increasingly greater rotational symmetries.
We found that three geometric rules govern the fabrication of a
desired high-symmetry n-fold lattice. First, n must be an integer
multiple of n′. Second, the angular offset between exposures of
the PDMS mask must be equal to 360°/n. Third, the number of
exposures at equiangular α must be equal to n/n′. Table 1
outlines parameters from these rules for the fabrication of
arrays with rotational symmetries as high as 36-fold, which is

Table 1. Fabrication Conditions for Patterns of Different
Rotational Symmetries

rotational
order (n) base lattice exposures

angular offset
(α = 360°/n)

periodic 2 linear
(n′ = 2)

1 none

4 square
(n′ = 4)

1 none

6 hexagonal
(n′ = 6)

1 none

quasi 8 square 2 45
10 linear 5 36
12 hexagonal 2 30

higher-order 14 linear 7 25.7
16 square 4 22.5
18 hexagonal 3 20
24 hexagonal 4 15
30 hexagonal 5 12
36 hexagonal 6 10

Figure 4. Moire ́ structures with high-rotational symmetries. SEM images and (insets) Fourier transforms showing the first-order Bragg peaks of (A)
14-fold, (B) 16-fold, (C) 18-fold, (D) 24-fold, (E) 30-fold, and (F) 36-fold PR-patterned substrates.

Figure 5. Large-area images of high rotational symmetry moire ́
patterns and comparison to calculated moire ́ patterns. (A) SEM image
of a 36-fold moire ́ pattern. The four interlocking circles represent 4
μm rings formed by PR posts. The size of these rings increases with
increasing rotational symmetry (inset: photograph of the patterned
area on a 3 in. Si wafer.) (B) Fourier transform of the pattern in (A).
(C) Calculated Fourier transform of a perfect 36-fold moire ́ pattern
showing the first-order and second-order Bragg peaks.
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three times higher than the highest rotational symmetry order
of a quasiperiodic lattice.
Figure 4 displays arrays with rotational symmetries greater

than quasiperiodic symmetries from 14-fold to 36-fold. To
understand differences in the patterns, where some features
seemed to be connected, we created a computational program
through MATLAB R2012a (Supporting Information) that
simulated the arrays based on three experimental parameters:
mask geometry, angular offset (Supporting Information Figure
S2), and extent of PR development (Supporting Information
Figure S3). Mask geometries were approximated by combina-
tions of 2D sinusoidal waves with periods equal to the
periodicity of the arrays (e.g., three in-phase waves with α = 0,
60, and 120° represented a hexagonal mask).39 A random shift
of phase among the sinusoidal waves was also incorporated
since translational alignment of PDMS masks with subwave-
length features during sequential exposures was not exper-
imentally possible. The PR development extent thus defined a
cutoff threshold for the intensity of the wave amplitude.
Through this program, we could relate the fabricated arrays
with a simulation of their experimental conditions (Supporting
Information Figure S4). For example, the PR development for
the 24-fold array (Figure 4D) appears to be much less than the
other five arrays, and we can simulate how the sample would
appear if it were developed more (Supporting Information
Figure S5).
Figure 5A highlights the uniformity of high rotational

symmetry patterns over a macroscale area (ca. 25 cm2). A
zoomed-in 35 μm × 25 μm region shows that the intricate
moire ́ pattern of a 36-fold array consists of overlapping 4 μm
rings composed of 36 PR posts (black circles). The reflected
light from the substrate appears green because of the diffraction
of visible light from the subwavelength array; the size of the
patterned area is limited only by the size of the PDMS mask
(Figure 5A, inset). Figure 5B depicts the Fourier transform of
the 36-fold array where the brightest ring of spots are from the
first-order Bragg peaks, and all other spots away from the center
represent higher-order peaks. Figure 5C represents the
calculated Fourier transform of a perfect 36-fold moire ́ pattern.
The spots shown are the 36 first-order peaks and the 648
second-order peaks, which are formed by linear combinations
of the first-order reciprocal vectors. The first-order peaks from
the experimental and calculated Fourier transforms match well
with each other; however, the locations of the second-order
peaks showed deviations. For example, the five second-order
rings with radii less than the first-order ring in the calculated
transform consist of 36 evenly spaced peaks, as expected. In the
experimental Fourier transform, however, these rings are 6-fold
structures. This difference is from misalignments in α during
multiple exposure steps, and these inadvertent shifts are
highlighted more in second-order peaks.
In conclusion, we have introduced moire ́ nanolithography as

a new technique to generate subwavelength lattices with high
rotational symmetry over macroscale areas. Substrates were
fabricated with rotational symmetries up to three times higher
than quasiperiodic lattices (≤12-fold) and six times higher than
2D periodic lattices (≤6-fold). The substrates can be created
with subwavelength spacings over wafer-scale areas, which is
favorable for the fabrication of photonic devices to manipulate
visible light. We anticipate that these arrays with unique high-
rotational symmetries can be useful for the design of new lasing
systems, photonic crystals with complete band gaps, and
photovoltaic devices with improved light trapping capabilities.
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